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Motivation



How can we detect cancer early?

tumour cell free DNA

. Circulating YN\, Circulating

. Extracellular Red blood
MR yesicles cell

LJEIHIUI(:)HEUEPT miRNA

BioRender; R. L. Siegel, A. N. Giaquinto, A. Jemal. CA (2024); S. Connal et al. J. Transl. Med.
(2023)



Liquid biopsy generates lots of views

Fragment Motifs Fragment Length Breakpoint Analysis

Genomic Annotation Aneuploidy

= R

Subjects




How predictive models are currently made

Concatenated Data Matrix Cancer?

Classification,

Cross-Validation
h(X,Y)



How predictive models are currently made

Concatenated Data Matrix Cancer?
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How predictive models are currently made

Concatenated Data Matrix Cancer?

Which feature set(s)
should we use to improve
our models?

Classification,
——lp Cross-Validation
h(X,Y)




Our approach

Devise algorithms that find...

» which sets of features are informative

« which of the informative sets are most predictive

« whether combinations of sets of features are more predictive than single sets



Aim 1: K-Sample Testing via
Dependence Measures



Question: Are all the groups the same or not?

Ho : pg = = [y HO:}_;'l =_"'=Fk
Hy:3j#]" pj+up Hy:3j#j F#Fj




There are a few two/k-sample tests

Parametric Tests Non-parametric Tests
 T-tests * Mann Whitney U
« ANOVA » Wilcoxon Rank Sum
« MANOVA « HHG
. efc. * Energy

« MMD

« DISCO

* etc.



There are even fewer k-sample tests

Parametric Tests Non-parametric Tests
 T-tests * Mann Whitney U
- ANOVA » Wilcoxon Rank Sum
- MANOVA « HHG
. efc. * Energy

« MMD

* DISCO

* etc.



Question: Is there a relationship?

Hy:p=0 Hy : Fxy = FxFy
Hy:p#0 Hy : Fyy # FxFy
y y
O O
O O
O
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O O
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There are a lot more independence tests

Parametric Tests Non-parametric Tests
» Pearson’s Correlation « HHG

« Spearman Rank Correlation * Dcorr

» Kendall Tau * Hsic

* RV - MGC

« CCA . etc.

» etc.



Question: Is there a relationship?

Question: Are they different?

(via a transformation of the data)



How the transformation works

Ul UZ




How the transformation works

X

Y
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Independence
Testing



Our framework performs better than ANOVA

1 17
—ANOVA
« 0.8 Dcov 0.8}
2 |[—Hsic
L 06/ 0.6
[@))
£S04 0.4
o
Fo2 02!
— — 0 e
20 100 200 0 0.25 0.5 0 0.5 1

Size Difference Mean Difference Variance Difference



Can we use this framework to make better tests?

« Using a data adaptive kernel like random forest may improve finite sample
testing power in high dimensions (or # of variables).



Aim 2: Kernel Mean
Embedding Random Forest
(KMERF)

S. Panda et al. In Preparation ICML 2025.



Step 1: Train a Random Forest (RF)

OOOOOOOOOOOOOOOOOOOO
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Step 1: Train a Random Forest (RF)



Step 2: Estimate RF Kernel



Step 3: Compute Unbiased Dcov

:
Fe) _ z Fe) _ z RE® 4 z REX
L% =4 Kij n—2 n—2 (n— 1)(n 2)

Y st=1

D¥ =1-IX

c,(X,Y) = tr(DXDY)

1
n(n—3)



Repeat T times

Step 4: Permutation Test |

(X,Y) X, V)

g{}ﬁl g{}ﬁl

} }

Observed Test Statistic Null Test Statistic




Step 4: Chi-Square Approximation to Dcorr
(X Y)

c,(X,Y
p=1-Fp_ (X, Y)

é i g; \/Cn(X X) - cp(Y, Y)
Observed Test Statistic J




Independence testing simulation settings

Linear Sine 41T Independence

* ‘*

Noisy e No Noise



KMERF dominates other tests in these settings

Linear Sine 41T Independent

I - e ¢

3 1000 3 10 3 100

Power for 100 Samples

# of Dimensions

Dcorr Hsic e HHG = CCA RV === Alpha



Two-sample testing simulation settings

Skewed
Unimodal

Outlier

Independent

S. Marron & M. Wand. Ann. Stat (1992)



KMERF dominates other tests in these setting

9}
% Skewed Unimodal Outlier Independent
1
IS
/)]
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o
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G;J | S feetatidi .. —————.
CCL) 3 10 3 10 3 10
# of Dimensions
= KMERF — MGC = Dcorr Hsic e HHG = CCA e RV === Alpha



KMERF can also be improved

« Estimating quantities directly from random forest may especially improve
high-dimensional performance

- Additionally, none of these tests can tell us whether an informative set or
combination of sets is more predictive



Aim 3: Multidimensional
Informed Generalized

Hypothesis Technology
(MIGHT)



Step 1: Bootstrap and get 3 sets for each tree

11}
o
o



Step 2: Grow the trees

OOOOOOOOOOOOOOOO

(T TR T SRR



Step 3: Estimate posterior weighting function



Step 4. Compute posteriors and test statistics

Compute Test Statistics

Classification Accuracy (Acc)
Mutual information (Ml)

Area under the curve (AUC)
Sensitivity at k% Specificity
(S@Kk)

oo



Step 4. Compute posteriors and test statistics

Compute Test Statistics

Classification Accuracy (Acc)
Mutual information (Ml)

Area under the curve (AUC)
Sensitivity at k%
Specificity (S@k)

-



A

1

Sensitivity at k% Specificity (S@Kk)

S@k = P{n(X) > T,|Y = 1}

True Positive Rate (Sensitivity)

o

0 |
False Positive Rate (1 - Specificity)1



Step 5: Fast Permutation Test

(X,Y) (X,7)

fg@lm @ gﬁlm @

/\ Repeat T times

Observed Test Statistic Null Test Statistic
Stat — Stat Stat™ — Stat”




Distribution

How well does MIGHT do when signal exists?

Simulation up to 4096 variables

One variable
has signal

- Case
Control

3 0 3 6
Variable 1 Magnitude

= MIGHT

Distribution

Other variables
have no signal

-

-3 0 3

Variables 2--4096 Magnitude

RF = SVM - LR

ROC curve for 4096 variables and

;. 2956 samples

True Positive Rate

0 I 1
0 1
False Positive Rate

= KNN



MIGHT detects signal better than others

[

For 256 samples

Truth

Truth

For 4096 variables
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Distribution

What about when there is no signal?

No signal; Simulation up to 4096 variables

No variables
have signal

— Case
Control

Variable 1 Magnitude

= MIGHT

Distribution

No variables
have signal
p_N
N
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’
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\
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Variables 2--4096 Magnitude

RF = SVM LR

ROC curve for 4096 variables and

True Positive Rate
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All approaches work well when there is no signal

For 256 samples For 4096 variables

S@98
S@98

Truth/ | — - Truth/
Chance Chance L , — :
4 2048 4096 128 512 1024
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Power
Power

e Perfect | e e
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= MIGHT - RF = SVM - LR = KNN



CoMIGHT tests if sets add additional information

X Z Y

Hy : Fxy|z = Fx|zFy|z
Hy : Fxyz # Fx|zFy|z

P-value computation permutes
columns of Z cee




How well does CoMIGHT do when signal exists?

Simulation with two variable sets

One variable from
each set has signal
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CoMIGHT detects signal better than others

For 256 samples For 4096 total variables

Truth Truth
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Variable B1 Magnitude

What about when there is no signal?

No signal simulation with two variable sets

No variables
have signal

+ Case
Control

3 0 3 6 9
Variable A1 Magnitude

= MIGHT
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Only CoMIGHT is valid at low sample sizes

d For 256 samples e For 4096 variables
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MIGHT estimates are more precise than others
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MIGHT estimates are more precise than others
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Variable sets don’t always add information

1 Performance upon adding additional variable sets to Wise-1
............................................................................................................... .F;ronéﬂggséﬂsmmes : 4. AuFraction
0.66- .
0.56
Wise-1 + Fragment End-Motif + Breakpoint Analysis + Fragment + Loci
only Length Fraction

Variable Set



Conclusion

« Aim 1: We developed a new framework for k-sample testing

« Aim 2: KMERF has shown strong finite sample testing power

« Aim 3: MIGHT and CoMIGHT can determine information within feature sets using
statistics practitioners care about



Questions?

We believe this resolves
all remaining questions
on this topic. No further
research is needed.
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3-sample testing simulation settings

Linear Exponential Cubic Joint Normal Step
g g 3
%
Quadratic W-Shaped Bernoulli Logarithmic
T
i snglpw "

Fourth Root

AN

Two Parabolas

Ellipse Diamond Independence

by

Sample 1 +  Sample 2 x  Sample 3



3-sample Testing vs. Sample Size

Multivariate Three-Sample Testing Increasing Sample Size

Linear Exponential Cubic Joint Normal Step
1
Y/ -
Y k
7z
d
1
/
7 = ’
0
Quadratic W-Shaped Spiral Bernoulli Logarithmic

Square Two Parabolas

Statistical Power Relative to Manova

s —————
n e i
Circle Ellipse Diamond Multiplicative Independence
1 T ———

5 100 5 100 5 100

5 Sample Size

== KMERF - MGC —— Dcorr — Hsic = Manova - HHG - CCA — RV



Independence testing simulation settings

Linear Exponential Cubic Joint Normal Step

/_—//_/

Quadratic W-Shaped Spiral Bernoulli Logarithmic

N sy (R ST G

Fourth Root Sine 4 Sine 161 Two Parabolas
™ S ==
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Independence testing simulation settings

Linear Exponential Cubic Joint Normal Step

/_—//_/

Quadratic W-Shaped Spiral Bernoulli Logarithmic

N sy (R ST G

Fourth Root Sine 4 Sine 161 Two Parabolas
™ S ==
Ellipse Diamond Noise

50 -

Noisy o No Noise




Independence KME

Power for 100 Samples

RF vs.

Di

mension

% Exponential Cubic Joint Normal Step

3 1000 3 1000 3 1000 3 10 3 20
Quadratic Q & Bernoulli Logarithmic

3 20 3 20 3 20 3 100 3 100

@ Sine 41 Sine 161 Square Two Parabolas

3 20 3 10 3 10 3 40
Circle Ellipse Diamond Noise Independent

3 20 3 20 3 40 3 10 3 100

# of Dimensions
= KMERF = MGC Dcorr = Hsic = HHG - CCA = RV ===+ Alpha




Independence KMERF vs. Sample Size

Power for 10 Dimensions

Linear Exponential Cubic Joint Normal Step
Quadratic W-Shaped Spiral Bernoulli Logarithmic
Fourth Root Sine 41 Sine 161 Square Two Parabolas

Circle Ellipse Diamond Noise Independent
10 100 10 100 10 100 10 100 10 100
Sample Size
= KMERF = MGC Dcorr = Hsic = HHG = CCA = RV ===+ Alpha



Two-sample testing simulation settings

Skewed Separated Asymmetric

Unimodal Bimodal Claw

Strongly Skewed Asymmetric

Skewed ‘WMM Bimodal Double Claw

o Aol I
Kurtotic Smooth WWF ‘
Unimodal Trimodal Comb IR
Discrete M '
Claw Comb 7 ‘ Wn,
N u HH‘ l\“

Double Claw A . Independent

et

S. Marron & M. Wand. Ann. Stat (1992)



Two-Sample KMERF vs. Dimension

1 Skewed Unimodal

Strongly Skewed

Kurtotic Unimodal
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Two-Sample KMERF vs. Sample Size

Power for 3 Dimensions

Skewed Unimodal Strongly Skewed Kurtotic Unimodal QOutlier Bimodal
Separated Bimodal Skewed Bimodal Trimodal Claw Double Claw

a—ﬂud.

——

Asymmetric
1 Asymmetric Claw Double Claw Smooth Comb Discrete Comb Independent
0 . . . .
10 100 10 100 10 100 10 100 10 100
Sample Size
= KMERF - MGC == Dcorr = Hsic = HHG = CCA RV Alpha



KMERF correctly determines feature importance

Feature Importances

1 Linear Exponential Cubic Joint Normal Step
0
1 Quadratic W-Shaped Spiral Bernoulli Logarithmic
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Statistical Power

KMEREF is relatively invariant to the # of trees

Multivariate Independence Testing (Increasing Trees)

Linear

10

1000

Spiral

10 1000
Number of Trees

Independence

10 1000



KMERF correctly controls False Discovery Rate

Multivariate Independence Testing
(Increasing Sample Size)

Statistical Power

) 2000
Sample Sizes

- True Positive Probability

False Positive Probability



Step 4. Compute posteriors and test statistics

Compute Test Statistics

(AN

. Classification Accuracy (Acc)
. Mutual information (MI)

Area under the curve
(AUC)

Sensitivity at k%
Specificity (S@k)



Mutual Information (Ml)

H(Y) = - ) p(y)logp()

YEY

HYX) = = ) @) ) pla) logp(ylx)

XEX yeEY

I(X;Y) = H(Y) — H(Y|X)



Sensitivity at k% Sensitivity (S@K)

A

1

S@k = P{n(X) > T,|Y = 1}

True Positive Rate

False Positive Rate



Sensitivity at k% Sensitivity (S@K)

A

1

S@k = P{n(X) > T,|Y = 1}

True Positive Rate

False Positive Rate



Sensitivity at k% Sensitivity (S@K)

A

1
S@k = P{n(X) > T,|Y = 1}

True Positive Rate

False Positive Rate



Sensitivity at k% Sensitivity (S@K)

A

1

S@k = P{n(X) > T,|Y = 1}

True Positive Rate

False Positive Rate



Area Under the Curve (AUC)

1

AUC = P{n(X,) > n(X,)}

True Positive Rate

False Positive Rate



S@98

Variable sets don’t always add information

1 Performance upon adding additional variable sets to the Combination of Wise-1 + Promoters

0.66
0- ‘ ‘ ‘
Wise-1 + Fragment End-Motif + Fragment Length + Loci Fraction

+

Promoters only
Variable Set



Senstivity for detecting

Stage Il Pancreas Cancers

Less information in breast vs. pancreatic cancer

at 98% specificity

I
fo

Using MIGHT

0.52
Senstivity for detecting Stage Il Breast Cancers
at 98% specificity

Using CoMIGHT (with top 2 of each cancer type)

0.67-

Senstivity for detecting
Stage Il Pancreas Cancers
at 98% specificity

0 ' ' 0.56
Senstivity for detecting Stage Il Breast Cancers
at 98% specificity



Definition of Inside End Motifs

5’ overhang 3’ overhang

{_A_\ I_l_\
Reference (+) strand 5 CGCTTGA TGTCCCA

Alternate (-) strand 3 AACG ACAG

End-Repair
3’ extension / digestion

modified after
library preparation

Both 3’ ends are now{ 5: CGCT T GA T GT C

3 GCGAACG ACAG

l Analyze unmodified 5’ end-motifs

CGCTTGA
GCGAACG

5’ End Motifs (Trimer) = CGC and GAC




Definition of Outside Motifs

Sequenced molecule

\
( \

le” Motif “Inside” Motif “Congruent” Motif

(—l—\

i ‘ L | \
ACAGTA ATAC GA=————— ATACGA GCCAGG 3’

T T

Fragment- Fragment-
end end




How breakpoint ratios are calculated
Breakpoint Analysis

Analyze breakpoint ratio at position -1 of a 300
bond (301 base) genomic element

’

| Central base

L
5’---A-T-A-G-C-C-A-G-T-T-C-A-C-T-A-G-C-C-A-A-T---3’

|
L— Four molecules
'\

J overlapping position -1

= Two molecules with a
J breakpoint at position -1

. . Y. Fragment Ends at position —1
Breakpoint Ratio pqition .1 = -
P Position-1 " s prq gments overlapping position —1




